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Dynamic Stability of a Rotor Blade
Using Finite Element Analysis

Nithiam Ti Sivaneri* and Inderjit Chopraf
Stanford Universityt Stanford, Calif.

The aeroelastic stability of flap bending, lead-lag bending, and torsion of a helicopter rotor blade in hover is
examined using a finite element formulation based on Hamilton's principle. Quasisteady two-dimensional
airfoil theory is used to evaluate the aerodynamic loads. The rotor blade is discretized into beam elements, each
with ten nodal degrees of freedom. The resulting nonlinear equations of motion are solved for steady-state blade
deflections through an iterative procedure. The flutter solution is calculated assuming blade motion to be a small
perturbation about the steady solution. The normal mode method based on the coupled rotating natural modes
about the steady deflections is used to reduce the number of equations in the flutter eigenanalysis. Numerical
results are presented for hingeless and articulated rotor blade configurations.
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Nomenclature
= lift curve slope
= blade cross section area
= blade cross section integrals
= blade chord
= blade-section drag coefficient
= blade-section profile drag coefficient
= blade-section lift coefficient
= blade-section pitching moment coefficient
= rotor thrust coefficient, T/irp&R4

= blade cross section integrals
= tension center offset from elastic axis, positive
forward

= aerodynamic center offset from elastic axis,
positive aft

= center of mass offset from elastic axis, positive
forward

= Young's modulus
= centrifugal force
= blade elastic torsion stiffness
= blade mass moment of inertia about flap axis at
the root

= blade cross section moments of inertia in the
flap and lead-lag directions, respectively

= polar radius of gyration of blade cross section,

- mass radius of gyration of blade cross section,

= principal mass radii of gyration of blade cross
section - '

= length of /th element
= aerodynamic forces per unit length in w, v, w

directions, respectively
= mass per unit length of blade
= reference mass per unit length
= Mach number
= aerodynamic moment per unit length about

elastic axis
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= number of elements
= vector of global degrees of freedom
= rotor radius
=time
= elastic displacements in the x, y, z directions,

respectively
= blade cross section air velocity components in

the negative r/ and f directions, respectively
= induced inflow
= blade section resultant air velocity
= undeformed blade coordinates
= local axial coordinate of the fth element
= section angle of attack
= blade precone angle
= Lock number, pacR4/Ib
= variation of kinetic and strain energies,

respectively
, = virtual work done due to aerodynamic loads
= nondimensional order of magnitude parameter
= blade pretwist
= rotor inflow ratio, vt/QR
= deformed blade coordinates
= solidity ratio
= elastic twist about elastic axis
= geometric twist about deflected elastic axis
= dimensionless time, tot
= fundamental coupled rotating lead-lag, flap,

torsion natural frequencies, respectively
= rotor blade angular velocity

=d( )/3f inEqs. (5), (13), and (15)]

Introduction

HELICOPTER dynamics is a complex problem involving
nonlinear structural, inertial, and aerodynamic forces.

For the design and analysis of rotors, it is necessary to solve
for the trim deflections of blades in hover and forward flight,
and to calculate the aeroelastic stability. For efficient blade
designs, there is an increasing tendency toward nonunif ormity
in structural and aerodynamic properties. The blade root
geometry is. complex and also there is redundancy in load
paths, particularly with bearingless rotors.

The simplest form of rotor blade representation is the rigid
blade model with spring restrained hinges.1 For this model,
the trim solution is generally obtained from nonlinear flap-lag
equations; and the flutter stability is calculated assuming
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linear perturbation motion about the trim deflection. This
type of solution is satisfactory for very simple blade con-
figurations (for example, articulated). A better representation
of the rotor blade is to treat it as an elastic beam. The
governing set of coupled equations of an elastic blade has
been derived by Houbolt and Brooks.2 Hodges et al.3»4 have
modified these equations in an attempt to consistently include
the nonlinear structural and inertial terms for moderately
large deflections. The common approach for calculating the
trim deflections, as well as the aeroelastic stability, is the
modal method (for example, Galerkin) using uncoupled
nonrotating beam modes5 or coupled rotating natural blade
modes.5'6 In general, it is assumed that the trim deflections
are large and the flutter motion is a small perturbation about
the trim solution. The solution procedure gets fairly involved
for forward flight because of the presence of periodic terms.

It is difficult to apply modal methods to nonuniform blades
and blades with complex root geometries. Also, the for-
mulation has to be modified considerably when a different
rotor configuration is considered. The finite element method,
which has been extensively used in linear structural analysis,7
has a great potential for solving complex blade dynamics
problems. The analysis consists of discretizing the blade into
small beam elements and using energy principles or the
method of weighted residuals to obtain the forces (inertial,
elastic, etc.) over each element. The global equations of
motion are obtained by the assembly of the elements.
Nonuniformities in blade properties can be accommodated
easily. Special elements can be used near the root to take care
of complex root geometries and multiple load paths. The
finite element method is very flexible and the formulation can
be easily adapted to different rotor blade configurations.

The finite element method has been applied for the
determination of free vibration characteristics of rotating
beams (one dimensional) by many authors.8'11 It is common
practice to use simple beam elements satisfying the continuity
of the displacement and slope between elements. Refined
elements with internal nodes can also be used. One can attain
a desired accuracy by using either simple or refined beam
elements, but, if simple elements are used, a greater number
of them may be necessary. However, the assembly of simple
elements results in narrowly banded matrices; the assembled
matrices for refined elements are more populated.

Murty and Raman12 have applied the finite element method
for computing the nonlinear response of a rotating beam
under prescribed forces. Yasue13 has discretized a flap-lag-
torsion blade into finite elements to obtain the natural modes
and applied the modal method to calculate the trim solution
and response of the blade under gust loading. Friedmann and
Straub14*15 have used a Galerkin-type finite element method to
find the natural vibration characteristics of a flap-lag blade
and computed the trim solution, stability and response of the
blade in hover, as well as forward flight. References 13-15 use
a modal approach in obtaining the trim solution.

In the present paper, the finite element formulation is used
to investigate the stability of flap bending, lead-lag bending,
and torsion of a rotor blade in hover. The blade is discretized
into simple beam elements, each with ten nodal degrees of
freedom. The element forces are obtained applying
Hamilton's principle; and the assembly of the elements yields
the equations of motion in terms of the nodal degrees of
freedom. The nonlinear trim (steady-state) solution is
calculated from these equations through an iterative
procedure. Then, the coupled rotating free vibration
characteristics of the blade about the steady deflections are
obtained. The normal mode method based on these natural
modes is used to solve the linearized flutter equations.

This is the first attempt to solve the nonlinear trim
equations of a flap-lag-torsion blade using the finite element
analysis directly. This approach involves very few algebraic
manipulations and is much simpler than the modal methods.
Furthermore, this procedure enables the natural rotating

modes to be calculated about the steady deflected position of
the blade.

The formulation is made for a nonunif orm blade with
pretwist, precone, and having chordwise offsets of the center
of mass, aerodynamic center, and tension center from the
elastic axis. Quasisteady strip theory is used to obtain the
aerodynamic loads. Noncirculatory airloads are also in-
cluded. Numerical results are presented for a simple example
of a blade with uniform properties; the hihgeless and ar-
ticulated rotor blade configurations are considered.

Formulation
The rotor blade is treated as an elastic beam rotating with

constant angular velocity Q. The rectangular coordinate
system x, y, z is attached to the undeformed blade which is at
a precone angle of ftp (Fig. 1). The origin is at the root of the
blade, the x axis coincides with the elastic axis, and the y axis
is in the plane of rotation pointed toward the leading edge.
The deformed position of the blade is defined by the
following sequence. A point P on the undef ormed elastic axis
undergoes displacements u, v, w in the x, y, z directions,
respectively, and occupies the position P' oh the deformed
elastic axis. Then the blade cross section containing P' un-
dergoes a rotation 07 about the deformed elastic axis. The
orientation of/the deformed-beam cross section with respect
to the undeformed-beam cross section is described by a
sequence of three rotations. This analysis uses the lag-flap-
pitch sequence of rotations defined in Ref. 4. The third angle
in the sequence 07 is written as

i = </>- (*v"w'dx
Jo (1)

where 0 is the pretwist, <£ the geometric twist, and <£ the elastic
twist due to torsion. The orthogonal coordinate system £, rj, f
is attached to the deformed blade such that the £ axis is
tangential to the deflected elastic axis and the y and f axes are
the principal axes of the cross section. The transformation
between the two coordinate systems is given as

(2)

The transformation matrix [7] for the lag-flap-pitch sequence
is defined in Ref. 4. For moderate rotations such that v'2,
w'2, </>2<l, the matrix [T\ is approximated in Ref. 3. This
approximate matrix is used in obtaining the equations of
motion in the present analysis. The equations of motion are
obtained using Hamilton's principle

(3)

where 6(7, dT, and 6 Ware, respectively, the variation of strain
energy, the variation of kinetic energy, and the virtual work

Fig. 1 Blade coordinate systems and deflections.
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done. Hodges and Dowell3 have given expressions for dUand dT. The expression for 6 W is

dW=\ (Ludu+Lv5v+Lwdw+Mtdt)dx (4)
JO

where Lu, Lv, Lw, and M^ are the external loads distributed along the length of the blade in the axial, lag, flap, and torsion
directions, respectively, and the virtual rotation 6^ is4

Equation (3) would result in four equations of motion representing du, 5v, 6w, and 60, respectively. The bu equation is

f*
F= I m(Q2x+2Qv)dx (5)

Jx

The centrifugal force F can be also expressed as

] (6)

The axial displacement u is eliminated from the virtual energy expressions dU, dT, and 6 fusing Eqs. (5) and (6). Then dU,dT, and
6 Ware nondimensionalized by dividing the expressions by m0Q2R3, where m0 is a reference mass per unit length (for example, the
value of m at 0.5R). This is done to see the relative order of magnitude of each term. The nondimensional displacements v/R,
w/R, 0 are assumed to be of order e where e is a small nondimensional parameter such that e2<l. The other nondimensional
quantities and their assumed orders of magnitude are given in the Appendix. The lowest-order (i.e., first-order) terms in dUand 67"
are of order e2. The terms of order e2 and e3 are retained while neglecting all terms of order e4 (i.e., third order) and higher, ex-
cepting some linear third-order terms which are important for the torsion equation. The following simplified nondimensional
expressions for 6 U and 6 T result.

[F(t; '6t; '+w'6w')+G/(<£'6<£'+<£^^

+EAeak2
A0'(v"cos01 + w"sinOj) +EB10'2<t>' -EB26' (v"cos0; + w / /sin07)]60' +[EC^" +EC2(w"cos01-v"sm01)]8<i>

EIy)w"^

(EIzsm2(^

-I- >/2 (EIz-EIy)v"sin2B1 -EAe2
a(w"s\n2ei + J/2Vffsin2Bj) + (EAeak2

A -EB^O't'smdj

-v''2)siitfei+v"w"^ (7)

dT i r f*m\[v + egcos6j+2ppw+2\ (vvf +ww')dx+2eg(v'cos01 + w'sin01) -
0 {. JO(m0Q2R3')

- \pp (x+2v) + w+eg4>cosOj]dw- [k2
mj>+ 1A (k2

m2 - k2
ml )sin207 +egx( w'cosOj -v'smO; ) +egi>sin07 +eg0pxcosB1

-eg(vsm01-wcosei)]d<i>-eg(xcos01+2vcosd1)dv' -eg(xsmOj +2t)sin07)6wr jd* (8)

and

The singly underlined terms are nonlinear terms and the doubly underlined terms are third-order (e4) linear torsion terms. Since
dU, 67, and bW are independent of the time derivatives of 6 u, dv, 6 w, and 60, Eq. (3) can be written as

A = 5U-dT-dW=0 (10)

Aerodynamic Loads
The aerodynamic loads in hover, distributed along the length of the blade, are obtained using a quasisteady two-dimensional

airfoil theory. Forces of noncirculatory origin are also included. The induced velocity is assumed to be uniform and steady.
The circulatory forces Lvc, Lwc, and M0C in the 77, f, and <t> directions, respectively, can be written as (Fig.2)

L =Lsino:-Z>cosa Lwc= -Lcosa-Dsina M(kc=Mac-Lwrefl (11)
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where L, D, and Mac are the lift, drag, and pitching moment (about the aerodynamic center) per unit length, a. the angle of attack,
and ed the aerodynamic center offset from the elastic axis. The expressions for L, Dt and Mac are

L = CL(a,M)1/2pV2c D = CD(a,M)1/2pV2c Mac = CM (M)1/2pV2c2 (12)

with
V2 = U2

T+U2
p and tana = Up/UT

The expressions for UT and Up are obtained by considering the relative velocity of the blade with respect to the fluid at the three-
quarter-chord point of the cross section.

(13a)

cos07[i}-<£T7rs^

+ sin0; [>i> + <£r7rcos0, + Q/3p ( t; + r/r^

-^)sin0;+t;'w'co^^

(13b)

where tjr is the r; coordinate of the three-quarter-chord point and vf the induced velocity.
Substituting Eqs. (12) in Eqs. (1 1) yields

Lvc = */2pc(CLUpV-CDUTV) Lwc=-'/2pc(CLUTV+CDUpV) M(f)C -edLwc (14)

The circulatory forces Lvc and Lwc in the y and z directions are
obtained from £vc and Lwc using the transformation matrix
[7]. The noncirculatory components of force are obtained
from unsteady thin airfoil theory.

(15)

The induced velocity is obtained from the momentum theory
and the pitch of the blade is obtained by combining the
momentum and the blade element theories.

(16)

where X, is the nondimensional induced velocity (t^/HR), kh
an empirical factor, CT the thrust coefficient, o the solidity
ratio, and 6Q15R the blade pitch at three-quarter span. The
expressions for the complete aerodynamic forces in the lead-
lag, flap, and torsion directions are

Finite Element Discretization
The finite element analysis is used to discretize the spatial

dependence of the equations of motion. The blade is divided
into a number of beam elements. Every element consists of
two nodes, denoted by node-1 and node-2 (Fig. 3), with five
degrees of freedom namely v, v', w, w', and <£ at each node.
The reason for choosing <£ over <t> as the torsional degree of
freedom is^as follows. The aerodynamic loads depend ex-
plicitly on 0. If </> is chosen as the torsional degree of freedom,
then the presence of the integral term l$v"w'dx [Eq. (1)]
makes the global matrices nonbanded because of the coupling
of the degrees of freedom of one element with that of the
other elements. The choice of <£ eliminates this integral and
thus preserves the banded structure of the global matrices.

Hamilton's principle, Eq. (10), is discretized as

and

A= (18)

(19)
L = (17)

In the derivation of these forces, nonlinear rate product
terms, such as t)2; w2, i)w are neglected (quasilinearization).
Equations (17) are nondimensionalized by dividing Lv, Lw by
m0V2R2 and M0 by m0Q2R3, and terms of order e5 and
higher are neglected.
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Fig. 2 Deformed blade section aerodynamics. Fig. 3 A finite element showing nodal degrees of freedom.
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where dUf, 6^, and 5^ are, respectively, the strain energy,
kinetic energy, and the virtual work contributions of the /th
element. The distribution of the deflections v, w, 0 over an
element is represented in terms of the nodal displacements
using shape functions. For the /th element (Fig. 3),

[M; (<?,)] results in global inertia matrix [M(q)]

V

w )> =|

0 .

where the shape function matrix [H] is

H2 H3 H4 0 0 0 0 0 0

0 0 0 0 H} H2 H3 H4 0 0

(20)

0 0 0 0 0 0 0 0 .H4l

(21)

and the vector of element degrees of freedom { q i } is defined
as

{qi}D = v v' J (22)

The nodal degrees of freedom at node-1 of the element^are vlt
v'j, w7> w'j, (j>1 and those at node-2 are u2, v2, w2, w'2, 02. The
shape functions in Eq. (21) are the Hermite polynomials
defined as

H1(xi)=2(xi/li)3-3(xi/li)2 + l

(*/)=*//'/ (23)

where /, is the length of the /th element and xi is the local axial
coordinate for the /th element, measured from the left end of
the element (Fig. 3). Similar to Eq. (20), the distribution of
the virtual displacements 5v, 6w, and 6<£ over the /th element is
assumed to be

dw =[H] idqf} (24)

The substitution of Eqs. (20) and (24) in Eq. (19) results in

A, =/(<?„ qit qt, dq,)

which is nonlinear in q f . This function can be conveniently
written as

(25)

where [Mi•(<?/)], [Ci;(<?,)], and [#,(<?,)] represent the element
inertia, damping, and stiffness matrices, respectively and
{Q.} is the element load vector for the /th element. The global
matrices are obtained by the assembly of the element
matrices. The global degree of freedom vector is denoted by
{ q } and the global virtual displacement vector by { d q } . The
global load vector {Q} is formed by combining the element
load vectors {Q,}. The assembly of element inertia matrices

0

The matrix [M] is a square matrix of order 5(n +. 1); it is also
banded with the semibandwidth Ns equal to 10. The global
damping and stiffness matrices [C(q)] and [K(q)] are ob-
tained in the same manner. The matrix [K] also is banded,
whereas the matrix [C] is nonbanded because of the presence
of the double integral term

P ' / f *I I (v'v'+w'w')dxdx:
Jo Jo

in the expression for dTf [Eq. (8)]. Matrix [M] is symmetric,
whereas matrices [C] and [K] are asymmetric. The sub-
stitution of Eq. (25) in Eq. (18) yields

(26){dq}T[K(q)](q}-[5q}riQ}=0

Since the virtual displacements [dq] are arbitrary, Eq. (26)
leads to the equations of motion

{M(q)}(Q} + { C ( q ) } [ 4 } + { K ( q ) \ [ q } = (Q} (27)

These equations are nonlinear in q. The bandedness of [M]
and [K\ helps reduce the storage space needed in computer
programs since the zero elements off the band need not be
stored.

Solution Procedure
Nonlinear Steady-State Solution

The first step in solving the equation of motion (27) is to get
the steady trim solution. The steady-state equations are
obtained by dropping all time dependent terms from Eq. (27)

(28)

The steady-state stiffness matrix [K0] is asymmetric, banded,
and a function of the steady displacement q0\ {Q0} is the
steady-state load vector. The element matrices are evaluated
numerically using Gauss quadrature formulas. The nonlinear
Eq. (28) is solved iteratively using Brown's algorithm.16 This
finite-difference algorithm is a modified form of the Newton-
Raphson method and the solution is obtained such that "the
sum of the squares of the errors in the equations is a
minimum. The derivatives needed for this algorithm are
evaluated numerically. The linear solution of Eq. (28) is used
as the initial estimate in the solution procedure. The banded-
ness of [K0] is useful in two ways. The storage space needed in
the computer program is less since only the elements within
the band are stored. The number of computer operations is
reduced considerably since the matrix operations
corresponding to the zero entries of [K0]t outside the band,
are skipped.

For a given level of thrust, the pitch distribution 6 of the
blade is calculated from Eqs. (16), and then the corresponding
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steady deflections are obtained. The torsional deflection
changes the pitch of the blade. The new pitch at three-quarter
span is #0 75 + </>0 75 and corresponding to this pitch value, a
new thrust level is calculated. In general, the torsional stiff-
ness of rotor blades is high, and the difference between the
new and old values of thrust will be small.

Flutter Solution
After obtaining the steady-state solution, the next step is to

get the flutter solution. For this purpose, the flutter motion is
assumed to be a small perturbation (q) about the equilibrium
position (q0)

(29)

Substituting Eq. (29) into Eq. (27), subtracting Eq. (28), and
keeping only linear perturbation terms, the flutter equations
are obtained

(30)

The normal mode method is used to obtain the eigenvalues of
these equations and, hence, the natural modes are needed.
. The coupled rotating natural modes of vibration about the
equilibrium position are obtained by removing all
aerodynamic terms and dropping the damping matrix from
Eq.(30)

(31)

The mass and stiffness matrices [Ms] and [Ks] are symmetric
and the eigenvalues (frequencies) of Eq. (31) are real. Again
the bandedness of [Ms] and [Ks] is made use of effectively in
the solution procedure.

The flutter equation of motion Eq. (30) is transformed to
the modal space by writing

(32)

where [$] is the matrix of the first N eigenvectors (column-
wise), and {/?} is the vector of TV-generalized coordinates in
the modal space. Substituting Eq. (32) into Eq. (30) and
premultiplying by [<f>]T yields the normal mode equation

(33)

Table 1 Values of parameters of uniform blade for numerical results

El /m&R4

EIz/m$l2R4

GJ/m&R4

kml/R
km2/R
kA/km
c/R

= 0.014486 (ww
= 0.1 66908 (coy
= 0.000925(0^
= 0.005661(0),
= 0
= 0.025
= 1.5
= 7T/40

= 1.15)
= 1.5)
= 2.5)
= 5)

a
y
a
CD

,Ma<
Kh

= 0.05 rad
= 0.1
= 5

= 6
= 0.0095
= 0

c =1.15

The matrices [M*], [C*], and [K*\ are nonsymmetric and are
of order N. Equation (33) is solved as an algebraic eigenvalue
problem, resulting in complex eigenvalues.

Boundary Conditions
Since the formulation of the problem is made using energy

principles, the force boundary conditions, which are im-
bedded in the formulation, do not have to be considered
separately. The nature of the displacement boundary con-
ditions at the root determines the^configuration of the rotor.
For example, v, v', w, w', and 0 are zero at the root for a
hingeless rotor blade; and for an articulated rotor blade, v, w,
and 0 are zero at the hinge.

Results and Discussion
Numerical results are presented for two different rotor

configurations, a hingeless rotor and an articulated rotor with
a hinge offset of 6%. The chordwise offsets of the center of
mass, the aerodynamic center, and torsion center from the
elastic axis are considered to be zero. The section constants
EBlt EB29 and the warping constants EClt EC2, are taken to
be zero. A precone ($p) of 0.05 rad (2.9 deg), Lock number
(7) of 5, and solidity ratio (a) of 0.1 are used.

Hingeless Rotor Blade
The blade properties selected for the stability analysis of a

hingeless rotor blade are given in Table 1. The values for the

• PRESENT
REF. 5

-.04*

Table 2 Steady tip deflections of a hingeless rotor blade
(CT/a = 0.1, ftp = 0.05 rad, y = 5.0, av = 1.5, ww = 1.15, o>0 = 2.5)

Number of
elements

2
3
4
5
6
7
8

%>
-0.00350
-0.00342
-0.00338
-0.00337
-0.00336
-0.00335
-0.00335

wn."tip
0.00487
0.00459
0.00446
0.00440
0.00436
0.00434
0.00433

*%
-0.04386
-0.04334
-0.04315
-0.04307
-0.04302
-0.04299
-0.04297

.25

Fig. 4 a) Flap bending, b) lead-lag bending, and c) torsion. Steady
tip deflections of a hingeless rotor blade; wy = 1.5, co^ = 1.15,
to^ = 5.0, 7 = 5.0, ftp = 0.05 rad.
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(Cr/a = 0.1,

Table 3 Fundamental coupled natural frequencies
of a hingeless rotor blade

0.05 rad, 7 = 5.0, <oy = 1.5, «„ =1.15, <o^

Number of
elements

2.5)

2
3
4
5
6
7
8

.5196

.5184

.5182

.5181

.5181

.5181

.5180

.1251

.1221

.1214

.1212
J211
.1211
.1210

2.5105
2.4872
2.4787
2.4746
2.4724
2.4710
2.4702

.30

.25

.20

.15

.06

.02

0

UNSTABLE

Fig. 6 Stability boundaries for a hingeless rotor blade; «w = 1.15,-
w^ = 2.5,7 = 5.0, ftp = 0.05 rad.

Table 4 Real parts of the flutter eigenvalues
of a hingeless rotor blade

= 0.1, ftp =0.05 rad, 7 = 5.0, ̂  =1.5, WM, =1.15, w^ =2.5)

Number of
modes

3
4
5
6
7

Lag

-0.03074
-0.03049
-0.03034
-0.03034
-0.03034

Flap

-0.31488
-0.31383
-0.31443
-0.31442
-0.31448

Torsion

-0.35148
-0.35049
-0.35207
-0.35206
-0.35209

2.6 r

2.2

1.8

1.0

TORSION

CT/o

0 .1 .2 .3

s

FLAP\

_.8 -.6 -.4 -.2
RfiX

Fig. 5 Root locus plot for a hingeless rotor blade; cot, = 1.5,
ww = 1.15, w^ = 2.5,7 = 5.0, ftp = 0.05 rad.

2.6

2,4

2.2

2.0

1.8

1.6

1.4

1.2

1.0

.2

TORSION

CT/a

• I I »
0 .1 .2 .3

FLAPY

LAG

-.6 -.5 -.4 -.3 -.2 -.1 0

Fig. 7 Root locus plot for an articulated blade; hinge off set = 0.06,

stiffness EIy, EIZ, GJ, and the inertia parameters kml> km2,
kA are chosen such that the nondimensional rotating
frequencies in the flap, lead-lag, and torsion directions are
1.15, 1.5, and 2.5, respectively. All blade properties are
assumed to be uniform along the span of the blade.

The convergence of the steady-state deflections, using
different numbers of finite elements is presented first. Table 2
shows the steady-state tip deflections v^ , w^ (non-
dimensionalized with respect to the rotor length) and <j>^. (tip
rotation in rad) as the total number of elements is varied from
2 to 8. The value of CT/a is 0.1. The results show, for the case
considered, that six elements are sufficient for reasonably
good convergence (three to four digit accuracy). The banded
nature of the stiffness matrix reduces both the storage space
and computation time required. For example, if eight
elements are used, the full storage mode would require 2025
storage locations whereas the band storage mode needs only
855 locations for the stiffness matrix. Furthermore, the
number of arithmetic operations involving the stiffness
matrix is reduced by about 60%. The use of the linear solution
makes the nonlinear iterative solution converge rapidly; only

three or four iterations are needed for a converged solution.
As a result, the computation time required for the nonlinear
solution is small.

Figure 4 shows the steady tip deflections obtained using six
elements for different levels of thrust Cj/o (or 0). The fun-
damental torsional frequency is 5.0 for these results. The
results of Hodges and Ormiston5 are also shown in this
figure. In Ref. 5, the steady deflections are obtained using the
modal method with five nonrotating beam modes for each
one of the deflections v0, w0, and 00. The agreement between
the two results is good except at high thrust levels where a
slight deviation appears. This may be due to the assumption in
Ref. 5 that sin0 = 0 and cos0=*l (not assumed here) for the
calculation of aerodynamic loads, which may not be very
accurate at high values of 0.

The rotating coupled natural frequencies of the blade about
its steady deflected position are investigated for convergence
as the number of finite elements is varied. Table 3 presents the
fundamental lag, flap, and torsion frequencies with increasing
number of elements. It is seen that six elements are sufficient
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for four digit accuracy. Here, also, the bandedness of the
inertia and stiffness matrices is used effectively to minimize
computation time.

The solution of the flutter equations results in complex
eigenvalues; the real and imaginary parts represent the
damping and the frequency of the mode, respectively. The
normal mode method is examined for convergence as the
number of modes is varied, keeping the number of elements
fixed at six. The real parts of the first three eigenvalues for
different numbers of modes is given in Table 4. This table
shows that five modes result in a well-converged solution
(four digit accuracy). Figure 5 shows the root locus plot of the
fundamental lead-lag, flap, and torsion modes as CT/o is
varied from 0 to 0.3. Six finite elements and five normal
modes are used in obtaining these results. The flap and
torsion modes are stable over the entire range of CT/a con-
sidered, whereas the lead-lag mode is unstable for CT/a
between 0.01 and 0.05 and above 0.17. The complete solution
using six elements and five normal modes at a particular
thrust level requires about 7 s of computation time on a CDC
7600 machine. Figure 6 shows the flutter stability boundaries
as the lag frequency ojy is varied. The results of Hodges and
Ormiston5 are also shown for comparison in this figure. In
Ref. 5, the stability results are calculated using the normal
mode method with five coupled rotating modes. There is
general agreement between the two results. The differences
that appear between the two results may be due to changes in
aerodynamic forces by including all second-order terms (order
e2) in the present analysis.

Articulated Rotor Blade
The same blade properties as given in Table 1 are used for

the stability analysis of an articulated blade with a hinge
offset of 6%. The convergence characteristics similar to the
ones presented in Tables 2-4 were analyzed here also. The
results confirmed the conclusions reached for the hingeless
blade that about six elements and five normal modes are
adequate for good accuracy (four digits). As before, only a
few iterations result in a converged nonlinear trim solution.
The flutter eigenvalues obtained using six finite elements and
five coupled modes are shown in Fig. 7. All three modes are
stable over the range of CT/a shown.

Conclusions
The finite element method has been applied successfully to

determine the nonlinear trim deflections and the aeroelastic
stability of flap-lag-torsion blades. The rotor blade is
discretized into beam elements of ten degrees of freedom
each. The equations of motion in terms of the nodal degrees
of freedom are obtained using Hamilton's principle.
Nonlinear steady deflections are obtained iteratively, solving
the complete set of global equations, without making a modal
transformation. The solution procedure is made efficient
using the bandedness of the stiffness matrix, and the linear
solution as the starting vector. The nonlinear solution con-
verges in three or four iterations. The rotating natural modes
of vibration are obtained about the steady deflected position
of the blade. Numerical results have been presented for
uniform hingeless and articulated rotor blades. Six finite
elements are sufficient to determine the trim deflections and
the free vibrations modes of a uniform blade. The linear
flutter solution is obtained using the normal mode method;
five coupled rotating modes are adequate to calculate the
flutter eigenvalues of a uniform blade. The finite element
application to rotor blade aeroelasticity has shown to be
simple and efficient and thus has a great potential for treating
complex blade geometries.

Appendix: Nondimensional Quantities
The nondimensional quantities in dU, 67, and bW [Eqs. (7-

9)] are defined here. These symbols are retained after non-
dimensionalization.

Old quantity

v/R
w/R
*e

F/m0$l2R2

EIy/m0Q2R4

GJ/m0Q2R4

EA/m0$2R2

EBj/m0Q2R6

EB2/m0Q2R5

kA!R
kml/R
km2/R
ea/R
eg/R

New quantity

v
w
</>
e
F

Ely

EIZ
GJ
EA
EBj
EB2
EC,
EC,

Assumed order
of magnitude

I
1
e
e
e

1/e*
e2

e
e2

e
e
e
e

e3/2

e3/2
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